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Triangular elementsAbstract This paper is aimed at generating element stiffness matrices for the family of triangular
elements using Universal Matrix Method and performing a CPU time efﬁciency analysis and com-
parison of stiffness coefﬁcients deviation (error). The interpolation functions of the ﬁeld variable
function (displacement) are to be integrated explicitly once and for all when geometric transforma-
tion function is linear, to give the constant universal matrices. This makes the generation of stiffness
matrix a simple addition of universal matrices rather than integration of functions.
 2016 Production and hosting by Elsevier B.V. on behalf of Ain Shams University. This is an open access
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In engineering problems there are regions with rapid changes
in geometry like holes which generate higher stress. To obtain
better results we have to add more active nodes and in general
this is done by making a ﬁne mesh at these stress concentrated
regions. Greater accuracy needs to be obtained while using the
higher order elements such as quadratic, cubic or linear strain
triangles. We can choose a basic grid and place more active
nodes at the areas of interest, instead of the normal method
of changing the element grid a number of times to achievethe convergence. Thus we can use both higher order and lower
order elements inside the same domain and this leads to the
formation of the transition elements or matching elements.
Jeyachandrabose and Kirkhope [1] presented a method for
generating stiffness matrix for transition triangular elements
[13,14,17]. According to this method a higher order element
is chosen and by modifying its shape function using the trans-
formation matrix, the stiffness matrices of the lower order ele-
ments are obtained. Numerical Integration has been widely
applied in ﬁnite element analysis due to the simplicity. How-
ever, Universal Matrix Method as presented by Subramanian
and Jeyachendrabose [2] for plane triangular elements has been
adapted by researchers as it results in a closed-form solution
[8,13].
Axisymmetric problems [11] are special cases of 3D compo-
nents where 2D analysis can be carried out for evaluating dis-
placements and stresses, saving lot of time and effort. There
are many components such as turbine casings, compressorelements
Figure 1 Axisymmetric triangular element [2].
2 P.V. Jeyakarthikeyan et al.casings, pressure vessels and cylindrical heat exchangers, which
are 3D components by the relative dimensions of the compo-
nent in the three coordinate directions. However, each is sym-
metric about its axis of rotation and thus deﬂection and stress
along any 2D radial plane will be identical. In this case of
axisymmetric triangular element [4,9,11] using Universal
Matrix Method is possible with a requirement that the toroidal
radius of the element is much larger than the element thickness
in the x-direction [2] and the radius is approximated at the cen-
troid of the triangle.
2. Stiffness matrix formulation for axisymmetric plane
triangular elements
For the axisymmetric triangular elements (Fig. 1) the displace-
ment inside an element at any point (u,v) is expressed in terms
of the nodal displacements making use of the conveniently
generated shape functions. For the purpose of illustration in
this paper the 10-node axisymmetric triangular element
(QST) is used. The radial coordinate is approximated as
[2,3]
x ¼ x1 þ x2 þ x3
3
ð2:1Þ
The strain displacement equation gives
e ¼
ex
ey
cxy
eh
8>><
>>:
9>>=
>>;
¼
du
dx
dv
dy
du
dy þ dvdx
u
x
8>><
>>:
9>>=
>>;
ð2:2Þ
u ¼ N1u1 þN2u2 þ . . .Nnun
v ¼ N1v1 þN2v2 þ . . .Nnvn
½N ¼ ½N1 N2 . . .Nn  n ¼ number of nodes:
2¼ 1
2D
½P½g ð2:3Þ
where D is the area of triangular element
and ½P ¼
y23 y13 0 0 0
0 0 x23 x13 0
x23 x13 y23 y13 0
0 0 0 0 2D
xx
2
6664
3
7775;
½gT ¼ dudn dvdg dudn dvdg u
h i
U ¼ t
2
Z 1
0
Z 1n
0
2TD 2 ð2DÞdndg ð2:4Þ
Substituting (2.3) in (2.4) we have
U ¼ px
2D
Z 1
0
Z 1n
0
½gT½G½gdndg ð2:5Þ
where ½G ¼ ½PT½D½P, a 5  5 symmetric matrix of constants
for the plane stress and plane strain problems and the values in
it depend only on the respective material [14–16] and geometry
of the triangle. We can also express ½gT as follows:Please cite this article in press as: Jeyakarthikeyan PV et al., Time eﬃciency and erro
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½N0T ¼
dN
dn 0
dN
dg 0 N
0 dNdn 0
dN
dg 0
" #
U ¼ pxD
R 1
0
R 1n
0
½ u v T½N0T½G½N0½ u v dndg
U ¼ 1
2
½ u v T½K½ u v 
Where the stiffness matrix is given by
½K ¼ px
D
Z 1
0
Z 1n
0
½N0T½G½N0dndg ð2:6Þ
Writing the shape functions in terms of L1, L2 and L3, we
can write [N] = [L]T[Q].
The vector {L} and the square matrix [Q] are of order n (the
number of nodes in the element). Every element shape function
is of the form L
mj
1 and L
ni
2 and [Q] is matrix of constant.
For QST the values of mj and ni and the corresponding [Q]
are
mj ¼ ½0; 1; 0; 2; 1; 0; 3; 2; 1; 0; ni ¼ ½0; 0; 1; 0; 1; 2; 0; 1; 2; 3;
½Q ¼
0 0 2 0 0 0 0 0 0 0
2 0 11 0 0 0 0 18 9 0
0 2 11 0 0 9 18 0 0 0
9 0 18 0 0 0 0 45 36 0
0 0 36 9 9 9 45 45 9 54
0 9 18 0 0 36 45 0 0 0
9 0 9 0 0 0 0 27 27 0
0 0 27 27 0 0 27 54 27 54
0 0 27 0 27 27 54 27 0 54
0 9 9 0 0 27 27 0 0 0
2
6666666666666666666664
3
7777777777777777777775
The Qmatrix and the pair mj and ni are used to generate the
universal matrices A, B, C, E,H and J, which are square matri-
ces of constants.r estimation in generating element stiﬀness matrices of plane triangular elements
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Generating element stiffness matrices of plane triangular elements 3½Aij ¼
Xr
k¼1
Xr
l¼1
mkmlQkiQljFðmk þml  2; nk þ nlÞ
¼ R 1
0
R 1n
0
dNT
dn
dN
dn dndg
½Bij ¼
Xr
k¼1
Xr
l¼1
mknlQkiQljFðmk þml  1; nk þ nl  1Þ
¼ R 1
0
R 1n
0
dNT
dn
dN
dg dndg
½Cij ¼
Xr
k¼1
Xr
l¼1
nknlQkiQljFðmk þml; nk þ nl  2Þ
¼ R 1
0
R 1n
0
dNT
dg
dN
dg dndg
½Eij ¼
Xr
k¼1
Xr
l¼1
QkiQljFðmk þml; nk þ nlÞ ¼
R 1
0
R 1n
0
NTNdndg
½Hij ¼
Xr
k¼1
Xr
l¼1
mlQkiQljFðmk þml  1; nk þ nlÞ
¼ R 1
0
R 1n
0
NT dN
dn dndg
½Jij ¼
Xr
k¼1
Xr
l¼1
nlQkiQljFðmk þml; nk þ nl  1Þ
¼ R 1
0
R 1n
0
NT dN
dg dndg
where Fðm; nÞ ¼ m!n!ðmþnþ2Þ! and by evaluating Eq. (2.6) the stiff-
ness becomes
½K ¼ px
D
X Y
YT Z
 
ð2:7Þ
where
X ¼ G11½A þ G12½Bþ BT þ G22½C þ G25½Jþ JT
þG15½HþHT þ G55½E
Y ¼ G13½A þ G23½BT þ G53½H þ G14½B þ G54½J þ G24½C
Z ¼ G33½A þ G43½Bþ BT þ G44½C
By this method the stiffness matrix becomes addition of
matrices and this technique offers computation convenience
and speed enhanced many fold, especially for higher order tri-
angles (LST, QST) as shown in Table 1.Table 1 Comparison of CPU time taken and error analysis for axisy
Quadrature (GQ).
Elements Methods Number of elements: 100,000
CPU time Percentage error a
QST UMM 1.00 0.992
GQ 3 points 1:28.7 7.100
GQ 4 points 1:38.3 7.624
GQ 7 points 1:67.7 0.002
LST UMM 1.00 0.1448
GQ 3 points 1:12.84 0.155
GQ 4 points 1:16.69 0.008
GQ 7 points 1:28.12 0.000
CST UMM 1.00 0.012
GQ 3 points 1:1.79 0.001
GQ 4 points 1:1.89 0.001
GQ 7 points 1:2.43 0.000
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There are slight deviations in the terms of stiffness matrices
generated by the Universal Matrix Method in axisymmetric
problems, unlike plane and transition element which gives
closed-form. Appendix A shows the stiffness matrix compar-
ison for the 10-node Axisymmetric triangular element.
Chandraputla and Belegundu [5] considered a cylinder with
internal diameter of 80 mm and external diameter of 120 mm
subjected to internal pressure of 2 MPa, the Young’s modulus
of the material was 200 GPa and Poisson’s ratio of 0.3. This
problem was used to assess the CPU time efﬁciency and devi-
ation in element stiffness coefﬁcients (error) for axisymmetric
triangular elements.
To perform the efﬁciency test the algorithms [14] generated
are converted into explicit equations [7,10] for both the
Universal Matrix Method (UMM) and Gauss Quadrature
(GQ). This is aimed at reducing the execution time for both
cases with a common ground for time comparison. The results
shown in Table 1 are for 5000 and 100,000 elements (which
means one element is executed as many as 100,000 and 5000
times repeatedly) with corresponding percentage errors [6]
compared against exact integration. It is clearly noticed that
the CPU time ratio and percentage of error are almost same
for both the cases (5000 and 100,000 Elements).
The Axisymmetric problem in (Fig. 2) was solved using
Universal Matrix Method and Gauss Quadrature (3, 4 and 7
points) and the nodal displacement was compared as seen in
Table 2. Deviation in element matrix coefﬁcients ð€Þ [6]
between Closed form and Universal Matrix Method (UMM)
is estimated by
€ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃPn
i;j¼1ðKclosed formij  KUMMij Þ
2
q
Pn
i;j¼1jKclosed formij j
ð3:1Þ4. Stiffness matrix formulation for plane triangular elements
For plane triangular elements (Fig. 3) the strain displacement
equation is [2]mmetric elements: Universal Matrix Method (UMM) and Gauss
Number of elements: 5000
gainst exact CPU time Percentage error against exact
1.00 0.992
1:28.2 7.100
1:37.8 7.624
1:67.3 0.002
1.00 0.1448
1:12.52 0.155
1:16.73 0.008
1:27.84 0.000
1.00 0.012
1:1.76 0.001
1:1.85 0.001
1:2.41 0.000
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Figure 2 Axisymmetric problem cylinder subjected.
Table 2 Nodal solution comparison for axisymmetric problem (Fig. 2).
Axisymmetric elements Nodes Displacements
Exact UMM GQ 3 points GQ 4 points GQ 7 points
QST 1 0.0000870 0.0000794 0.0001667 0.0003768 0.0000870
2 0.0000846 0.0000748 0.0001599 0.0003819 0.0000846
LST 1 0.0000547 0.0000555 0.0000555 0.0000548 0.0000547
2 0.0000517 0.0000527 0.0000527 0.0000520 0.0000518
CST 1 0.0001377 0.0001383 0.0001377 0.0001377 0.0001377
2 0.0001307 0.0001314 0.0001307 0.0001307 0.0001307
Figure 3 Family of plane triangular elements.
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cxy
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dy þ dvdx
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>; ð4:1Þ
2¼ 1
2D
½P½g ð4:2Þ
where ½P ¼
y23 y13 0 0
0 0 x23 x13
x23 x13 y23 y13
2
4
3
5 and
½gT ¼ du
dn
dv
dg
du
dn
dv
dg
 
The strain energy equation of the triangular element is
U ¼ t
2
Z 1
0
Z 1n
0
2TD 2 ð2DÞdndg ð4:3ÞPlease cite this article in press as: Jeyakarthikeyan PV et al., Time eﬃciency and erro
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U ¼ t
4D
Z 1
0
Z 1n
0
½gT½G½gdndg ð4:4Þ
where ½G ¼ ½PT½D½P, a (4  4) symmetric matrix of con-
stants for the plane stress and plane strain problems and the
values in it depend only on the material and geometry of the
triangle [15,16].
½gT ¼ ½ u v T½N0T ð4:5Þ
½N0T ¼
dN
dn 0
dN
dg 0
0 dNdn 0
dN
dg
" #
Substituting Eq. (4.5) in (4.4) we have
U ¼ t
D
Z 1
0
Z 1n
0
½ u v T½N0T½G½N0½ u v dndg
U ¼ 1
2
½ u v T½K½ u v  ð4:6Þ
Stiffness matrix [K] can be generated by using the universal
matrices [A], [B], [C] which are identical to that of axisymmet-
ric triangular elements.
½K ¼ t
D
X Y
YT Z
 
ð4:7Þr estimation in generating element stiﬀness matrices of plane triangular elements
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Generating element stiffness matrices of plane triangular elements 5where
X ¼ G11½A þ G12½Bþ BT þ G22½C
Y ¼ G13½A þ G23½BT þ þG14½B þ G24½C
Z ¼ G33½A þ G43½Bþ BT þ G44½CBASE ELEMENT (b) (a) TRANSITION ELEMENT
Figure 5 Formulation of transition element from base element
(QST).5. Stiffness matrix formulation for the family of triangular
transition elements
The universal matrices for respective transition elements
[13,14,17] (Fig. 4) (4-node, 5-node, 6-node, 7-node, 8-node,
and 9-node) are found using the special matrix called the trans-
formation matrix (R) with the help of the universal matrices of
10-node triangular element (Base Element). The transforma-
tion matrix is computed by comparing displacement variation
along each edge of the base element with corresponding edges
of the required transition elements [11,12]. Here, the procedure
to formulate 7-node element (Fig. 5) is discussed. The displace-
ment function ‘u’ varies cubically on the edge AB for the base
element, whereas it varies linearly for the same edge on the 7-
node transition element [1,14].
u ¼ u01 þ ðu02  u01Þl ð0 6 l 6 1Þ ð5:1Þ
where u01 and u
0
2 are the displacements at the nodes 1 and 2 in
the 7-node transition element and l is the normalized length of(d) : 7 – NODE ELEMENT (I)
(e) : 7 – NODE ELEMENT (f) : 8 – NODE ELEMENT (I)
(h) : 9 – NODE (g) : 8 – NODE ELEMENT 
(a) : 4 – NODE (b) : 5 – NODE 
(c) : 6 – NODE ELEMENT            
Figure 4 Transition triangular elements.
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edge AB of the base element is constrained to make it vary lin-
early as in 7-node element. On substituting the values 0,
1
3
; 2
3
; 1 for l in Eq. (5.1), we get
u1
u2
u4
u5
8>><
>>:
9>>=
>>;
¼
1 0
0 1
2
3
1
3
1
3
2
3
2
6664
3
7775 u
0
1
u02
 
ð5:2Þ
Now for edge BC, the displacement function tends to vary
quadratically on the transition element (7-node) and it is given
by [1]
u ¼ u02 þ ð4u04  u03  3u02Þlþ ð2u02 þ 2u03  4u04Þl2 ð5:3Þ
On substituting the values 0, 1
3
; 2
3
to normalized length l in
Eq. (5.3) we obtain
u3
u6
u7
8><
>:
9>=
>; ¼
0 1 0
2
9
 1
9
8
9
 1
9
2
9
8
9
2
64
3
75
u02
u03
u04
8><
>:
9>=
>; ð5:4Þ
The displacement function on the side CA in the transition
element is directly related to displacement in the base element
and is given by
u8
u9
u10
8><
>:
9>=
>; ¼
1 0 0
0 1 0
0 0 1
2
64
3
75
u05
u06
u07
8><
>:
9>=
>; ð5:5Þ
Thus, transformation matrix for 7-node triangular element
is obtained from Eqs. (5.2)–(5.5) by relating to the form
fubg ¼ ½Rfutg:
Where ub and ut are displacement vectors of the base ele-
ment and transition element respectively.
fubgT ¼ ½u1u2 . . . u10
futgT ¼ ½u01u02 . . . u07
R ¼ 1
9
9 0 0 0 0 0 0
0 9 0 0 0 0 0
0 0 9 9 0 0 0
6 3 0 0 0 0 0
3 6 0 0 0 0 0
0 2 1 8 0 0 0
0 1 2 8 0 0 0
0 0 0 0 9 0 0
0 0 0 0 0 9 0
0 0 0 0 0 0 9
2
6666666666666666664
3
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Figure 6 Test element for transition element.
6 P.V. Jeyakarthikeyan et al.The stiffness matrix K0 for the transition element (7-node) is
obtained by pre- and post-multiplication of the transformation
matrix [R] with stiffness matrix [K] of the base element (10-
node).
½K0 ¼ t
2D
R 0
0 R
 T
½K R 0
0 R
 
½K ¼ t
2D
X0 Y0
Y0T Z0
 
ð5:6Þ
X0; Y0; Z0 in Eq. (5.6) can be obtained by replacing A, B, C in
Eq. (4.7) with A0; B0; C0
where
A0 ¼ RTAR
B0 ¼ RTBR
C0 ¼ RTCR
For the CPU time efﬁciency analysis, programs for Univer-
sal Matrix Method and Gauss Quadrature (1, 3, 4 and 7
points) are written in MATLAB. Test element (Fig. 6) is exe-
cuted 100,000 times to get the CPU time taken to computeTable 3 Comparison of CPU time between Universal Matrix
Method (closed form) and Gauss Quadrature for LST, and
QST for family of transition triangular elements (Fig. 5).
CPU time ratio
Elements Closed
form
Gauss 3
points
Gauss 4
points
Gauss 7
points
Standard elements
LST 1 1.538988204 1.907173846 3.055137005
QST 1 3.117098371 4.057329411 6.355815455
Transition elements
4 Node 1 1.371098924 1.703729155 2.695267526
5 Node 1 1.477899957 1.82566372 2.894302469
6 Node 1 2.349628866 2.859478462 4.580963166
7 Node
(I)
1 2.346433865 2.941221536 4.668810251
7 Node
(II)
1 2.307800391 2.918609478 4.684538261
8 Node
(I)
1 2.438748299 3.107774279 5.001282037
8 Node
(II)
1 2.537289745 3.205586038 5.205810059
9 Node 1 2.620187171 3.336754218 5.395915731
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Universal Matrix Method and Gauss Quadrature is shown in
Table 3.6. Discussion and conclusion
It is observed that by using explicit equations considerable exe-
cution time of the Universal Matrix Method (UMM)) is
reduced [9]. It is also noted that most of the present available
commercial software packages of Gauss Quadrature method
take more time than using Universal Matrix Method which
gives faster solutions for engineering problems. Universal
matrices [A], [B], [C], [E], [H] and [J] can be evaluated once
and for all as Jacobian matrix is constant.
For axisymmetric elements Universal Matrix Method gives
another ﬁrst approximation result due to the approximation of
the radius of the element (Eq. (2.1)). For the 10-node axisym-
metric element (QST) the error for Universal Matrix Method is
approximately 1% while the 7 point Gauss Quadrature gives
0.002% error but the execution time ratio is 1:67.7 which
clearly shows Universal Matrix Method is faster in producing
an acceptable result. Commercial software packages make use
of the 3 point Gauss Quadrature which, as shown in this paper
has an error of 7.1% for the QST element.
The Universal Matrix Method gives an error of 1.448%
while the 3 point Gauss Quadrature gives an error of
0.155% for the 6-node axisymmetric element (LST) and the
execution time ratio is 1:12.8 which is in favor of Universal
Matrix Method. For the 3-node axisymmetric element (CST)
the error for Universal Matrix Method is 0.012% and the 1
point Gauss Quadrature is 0.059% with corresponding execu-
tion time ratio of 1:1.56. Universal Matrix Method shows an
acceptable percentage of error in its nodal solution with the
execution time manifold less than the Gauss Quadrature.
Though the Universal Matrix Method shows slightly higher
percentage of error than the Gauss Quadrature, this error gets
nulliﬁed when element stiffness matrices are assembled to Glo-
bal stiffness matrix for a domain.
To achieve near exact value for the LST (6-Node) we need to
sample at three Gauss points in Gauss Quadrature. It results in
CPU time ratio of 1:1.54 as comparedwith theUniversalMatrix
method whereas for QST (10-Node), seven Gauss points are
required and the corresponding CPU time ratio is 1:6.36.
Universal Matrix Method (closed form) proves to be faster
in generation of element stiffness matrices for transition ele-
ments, and the 4-Node transition element shows a CPU time
ratio of 1:1.37 as compared with Gauss Quadrature (3 point
Gauss Quadrature is required for the same accuracy). Similarly
5-Node, 6-Node, 7-Node (I), 7-Node(II), 8-Node (I), 8-Node
(II) and 9-Node elements give a CPU time ratio of 1:1.48,
1:4.58, 1:4.66, 1:4.68, 1:5.00, 1:5.21 and 1:5.39 respectively.
See in Table 3.
While the accuracy is the same for the plane triangular
(LST and QST) and transition elements when the appropriate
number of Gauss sampling points is assumed as integrating
points in Gauss Quadrature, Universal Matrix Method
(Closed form) is manifold faster than Gauss Quadrature. It
is also noticed that if the displacement function tends to vary
cubically on any one of the three sides of the triangle, then
we need a minimum of seven Gauss points in Gauss Quadra-
ture. See in Appendix B.r estimation in generating element stiﬀness matrices of plane triangular elements
ttp://dx.doi.org/10.1016/j.asej.2016.05.002
Table A.1 Comparison of element matrix for axisymmetric quadratic strain triangular (QST): (First 6 Rows and 6 Columns Only
Shown) Universal Matrix Method (UMM) and Gauss Quadrature (3-Point, 4-Point and 7-Point).
Stiﬀness coeﬃcients
Row 1 UMM 3.544E+07 2.341E+07 4.023E+06 2.797E+06 3.448E+06 1.974E+06
3 points 1.359E+07 9.069E+06 1.549E+06 1.340E+06 1.613E+06 9.188E+05
4 points 1.720E+06 1.200E+06 4.886E+06 3.792E+06 4.645E+06 2.657E+06
7 points 3.245E+07 2.143E+07 3.670E+06 2.537E+06 3.592E+06 2.060E+06
Row 2 UMM 7.189E+07 2.137E+06 1.381E+07 3.124E+06 9.868E+05
3 points 2.709E+07 6.734E+05 5.639E+06 1.246E+06 4.594E+05
4 points 3.021E+06 2.379E+06 1.728E+07 3.896E+06 1.328E+06
7 points 6.594E+07 1.965E+06 1.261E+07 3.254E+06 1.030E+06
Row 3 UMM 1.921E+07 5.524E+05 8.772E+04 1.974E+06
3 points 7.234E+06 3.776E+04 7.116E+04 9.188E+05
4 points 8.217E+05 1.933E+05 4.105E+04 2.657E+06
7 points 1.762E+07 5.524E+05 9.430E+04 2.060E+06
Row 4 UMM 6.710E+07 3.124E+06 0.000E+00
3 pt 2.529E+07 1.246E+06 0.000E+00
4 pt Symmetric 2.819E+06 3.896E+06 0.000E+00
7 pt 6.154E+07 3.254E+06 0.000E+00
Row 5 UMM 1.737E+07 2.816E09
3 pt 7.682E+06 0.000E+00
4 pt 7.817E+05 0.000E+00
7 pt 2.013E+07 0.000E+00
Row 6 UMM 4.793E+06
3 pt 2.203E+06
4 pt 2.739E+05
7 pt 5.587E+06
Table B.1 Comparison of element matrix for 6-node transition element (First 6 Rows and 6 Columns Only Shown) between closed
form (CF) and Gauss Quadrature (3 points, 4 points and 7 points).
COL Stiﬀness coeﬃcients
Row 1 CF 4,067,308 1,101,563 793269.2 443509.6 295,673 106370.2
3 points 3,299,279 761,719 441706.7 446213.9 139723.6 110,427
4 points 3,236,538 764,063 663461.5 378605.8 470192.3 263,582
7 points 4,067,308 1,101,562 793269.2 443509.6 295,673 106370.2
Row 2 CF 2,309,495 587740.4 987,981 81129.81 483,173
3 points 1,629,357 549879.8 1,111,028 153,245 109,300
4 points 1,563,101 483894.2 1,033,413 308,293 240504.8
7 points 2,309,495 587740.4 987,981 81129.81 483,173
Row 3 CF 5,134,615 843,750 3,721,154 2,275,240
3 points 3,317,308 -351,563 2,839,543 1,780,349
4 points 3,888,462 506,250 3,227,885 2,002,644
7 points 5,134,615 843,750 3,721,154 2,275,240
Row 4 CF 11,415,865 2,131,010 7,377,404
3 points 8,121,995 1,676,683 5,739,934
4 points 9,157,212 1,897,356 6,293,510
7 points 11,415,865 2,131,010 7,377,404
Row 5 CF 6,894,231 3,726,563
3 points Symmetric 6,012,620 3,281,250
4 points 5,881,731 3,220,313
7 points 6,894,231 3,726,563
Row 6 CF 10,386,418
3 points 9,381,761
4 points 9,120,793
7 points 10,386,418
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